The advantage of WENO-JS5 scheme [ J. Comput. Phys. 1996] over the WENO-LOC scheme [J. Comput. Phys.1994] is that the WENO-LOC nonlinear weights do not achieve the desired order of convergence in smooth monotone regions and at critical points. In this article, this drawback is achieved with the WENO-LOC smoothness indicators by constructing a WENO-Z type nonlinear weights which contains a novel global smoothness indicator. This novel smoothness indicator measures the derivatives of the reconstructed flux in a global stencil, as a result, the proposed numerical scheme could decrease the dissipation near the discontinuous regions. The theoretical and numerical experiments to achieve the required order of convergence in smooth monotone regions, at critical points, the essentially nonoscillatory (ENO), the analysis of parameters involved in the nonlinear weights like ǫ and p are studied. From this study, we conclude that the imposition of certain conditions on ǫ and p, the proposed scheme achieves the global order of accuracy in the presence of an arbitrary number of critical points. Numerical tests for scalar, one and two-dimensional system of Euler equations are presented to show the effective performance of the proposed numerical scheme.
Introduction
The study of hyperbolic conservation laws
is one of the important topics in the areas of gas dynamics, shallow water flows and magneto-hydro-dynamics(MHD). For the equation (1.1), u = (u 1 , u 2 , ......, u m ) T represents a conserved quantity which is a m-dimensional vector and flux f (u), is a vector-valued function of m components, x and t denote the space and time variables respectively. It is well known that the analytical solutions are available only for a few model problems and thus, numerical techniques play a important role in solving problems of practical interest. The vital remark in the solutions of hyperbolic * Email:rathans.math@iipe.ac.in † Email:gnagaraju@mth.vnit.ac.in ‡ Email:ashleshaabhise@gmail.com conservation laws is that even if the smooth initial data may give rise to discontinuities as the time is propagating. For resolving this scenario and to obtain a valid solution, many numerical techniques such as finite difference, finite volume and finite element techniques have been developed. Among them, the essentially non-oscillatory(ENO) schemes [1, 2, 3, 4] and the weighted essentially non-oscillatory (WENO) schemes [5, 6] are quite popular. As our interest is on WENO schemes, we briefly mention the details about these schemes. The WENO schemes first developed in 1994 by Liu, Osher, and Chan [5] in a finite-volume framework where the authors came up with an ingenious idea as such: instead of choosing the smoothest candidate stencil, a nonlinear convex combination of all the sub stencils is used which results overall, a high-order accurate scheme when it is compared to ENO schemes. The major contributions of this technique are the construction of the nonlinear weights and the smoothness indicators based on undivided differences. Later in 1996 [6] , a finite difference WENO schemes are developed with the construction of new smoothness indicators, commonly known as WENO-JS (JS stands for Jiang & Shu) schemes. Hereafter, we refer the finite difference WENO formulation with the smoothness indicators of [5] as WENO-LOC scheme. The smoothness indicators of the WENO-JS scheme are the square sum of all the derivatives of m local interpolating polynomials, the process leads to obtaining (2m − 1) th −order accuracy of the scheme in smooth regions. These schemes are extended by Balsara and Shu in [7] to a WENO family up to 11 th −order accuracy. Besides, Gerolymous et al. [8] introduced a WENO family up to 17 th −order. Balsara et al. [9] analyzed the WENO scheme presented in [7] in a basis set formed by Legendre polynomials up to 9 th −order which affords an equivalent formulation for the numerical fluxes, as a result, the smoothness indicators are in the compact form. And further, the smoothness indicators have been written as the sum of perfect squares which makes the method more efficient and also more accurate for certain benchmark problems. This procedure further carried out in [10] up to 17 th −order. Henrick et al. [11] studied the WENO-JS scheme and discovered that the WENO-JS nonlinear weights failed to recover the optimal order of accuracy at the critical points where the first-order derivative vanish but not the third-order derivative and observed that the scheme is sensitive with respect to the choice of ǫ, the parameter used in the evaluation of nonlinear weights. To dissolve this issue and to achieve the required order of accuracy in presence of critical points, the authors altered the nonlinear weights through the construction of a mapping function which approximates the WENO convex combination intently to the optimal weights except at highly non-smooth regions. Another approach was adapted by Borges et al. [12] where the author's designed global smoothness measurements for the fifth-order WENO scheme, dubbed as WENO-Z, which has the same accuracy as that of mapped WENO with the lower computational cost. Castro et al. [13] extended WENO-Z schemes to the higher-order, which have computationally cheaper nonlinear weights than mapped WENO through the construction of high-order smoothness indicators that can be obtained from the inexpensive linear combination of existing lower order smoothness indicators. Many modified and improved versions of the WENO schemes can be seen [14, 15, 16, 17, 19, 20, 21, 22, 23, 24, 25, 26, 34] . It is well known that the WENO schemes are quite popular from last two decades to approximate the solutions of the hyperbolic conservation laws through the smoothness indicators developed in [6] , the authors, Jiang and Shu, modified the smoothness indicators developed in [5] as in smooth monotone regions and at the critical points the WENO-LOC scheme does not achieve the desired order of accuracy. To resolve this, in this paper, we have constructed a WENO-Z type nonlinear weights with WENO-LOC smoothness indicators. A novel global smoothness indicator is devised by measuring the derivatives of the reconstructed flux through undivided differences, as a result, the numerical scheme could decrease the dissipation around the discontinuities. Further, the proposed numerical scheme achieves the sufficient condition and ENO property to gain the required order of accuracy in smooth regions and at critical points. Several benchmark problems in the scalar, the system of one-and two-dimensional Euler equations are performed to show the effective performance of the proposed numerical scheme. It is shown that the proposed WENO scheme provides improved behavior to the fifth-order WENO-LOC and fifth-order WENO-JS (WENO-JS5) schemes. Furthermore, the consistency analysis of the numerical scheme is developed and shown that the imposition of certain conditions on the weight parameters leads to achieve the desired global order of accuracy in the presence of the arbitrary number of critical points.
The rest of the paper is organized as follows. The detailed formulation of the WENO scheme with the WENO-LOC and WENO-JS5 schemes are given in Section 2. In Section 3, the design of new nonlinear weights is proposed and performed the ENO property, accuracy test in smooth regions, near discontinuities and at critical points. Numerics have been performed for some benchmark problems like a scalar, one and two-dimensional Euler equations in Section =f (u i−r , ..., u i+s ). The system of ODE's (2.2) can be obtained by using the strong-stablity preserving Runge-Kutta methods [27] .
The numerical flux functionf in (2.2) should be consistent with the physical flux f, that is,f (u, ..., u) = f (u) and should satisfy the Lipschitz continuity in each of its arguments, as a requirement for the applicability of Lax-Wendroff theorem [28] .
To compute the numerical fluxf i± 1 2 , a function h is defined implicitly (see Lemma 2.1 of [4] )
The differentiation of equation (2.3) and evaluation at the point x = x i yields 4) which indicates that the numerical fluxf approximates h at cell boundaries x i± 1 2 with high-order of accuracy, that is,
where k depending on the degree of interpolation. 
(2.5)
In order to ensure the numerical stability, the flux f (u) is splitted into two parts f + and f − such that
where df + (u) du ≥ 0 and df − (u) du ≤ 0. Among many flux splitting methods, we use global Lax-Friedrichs splitting
where α = max u |f ′ (u)| for its simplicity and capability to produce very smooth fluxes. Letf +
be the numerical fluxes obtained from the positive and negative parts of f (u) respectively and from (2.6), we havê
Now we describe only howf +
is symmetric to the positive part with respect to
. In the formulation off +
, for simplicity, we drop the ' + ' sign in the superscript.
Choose a larger stencil T = {I i−r , ..., I i+r }. Consider a fourth degree polynomial(r = 2) based on the nodal point information of the numerical flux which satisfies
If there is a discontinuity inside the stencil T , then the corresponding interpolation process to the approximation of fluxf i+ 1 2 may generate oscillations. In order to alleviate this the WENO procedure is employed, in which the stencil T is divided into (r + 1) smaller stencils: S k = {I i−r+k , ..., I i+k }, k = 0, ..., r. The second degree polynomials p k (x), k = 0, ..., r are constructed in the associated stencils S k to approximate the function h(x) that satisfies
.., i + k; k = 0, ..., r.
The explicit expressions of polynomials p k (x), k = 0, 1, 2 as
(2.11)
The Taylor's expansion of (2.11) revealŝ f 0
The values of the function p(x) at the point x = x i+ 1 2 of cell I i , can be written as a linear combination of p k (x) at the point x = x i+ 1 2 in the smooth regions. Thus the linear/ideal weights are defined aŝ
(2.12)
The values of these linear weights are d 0 = 1 10 , d 1 = 3 5 , d 2 = 3 10 . Note that each d k ≥ 0 and 2 k=0 d k = 1.
In the non-smooth regions, (2.12) is not valid to approximate the flux functionf i+ 1 2 in terms of local information. This issue is resolved by introducing the nonlinear weights ω k such that
(2.13)
These nonlinear weights constructed in subsequent steps are such that in smooth regions, the nonlinear weights should converge to the linear weights with the required order of accuracy and in the non-smooth regions, these have to tend to zero so that the contribution from the non-smooth regions to the approximation of the fluxf i+ 1 2 is negligible, with this the final reconstruction is essentially non-oscillatory. Thus, the nonlinear weights have to satisfy the following properties: Convexity:
(2.14)
Optimal Order: If f is smooth in stencil T , then
ENO property: If a substencil T D ⊂ T contains a discontinuity of f , but there exists another sub-stencil T C ⊂ T where f is smooth, then ω D = O(∆x q ) for some q > 0, and
as ∆x → 0, where O(·) and Θ(·) are standard Bachmann-Landau notation [29] .
The following result relate the effective order of accuracy of a WENO scheme to the difference between its non-linear weights ω k and the linear weights d k . 16) or
then the corresponding WENO scheme satisfy the optimal order of accuracy, where the superscripts ′ + ′ or ′ − ′ on ω k correspond to their use inf i+ 1 2 orf i− 1 2 respectively [11, 12].
WENO-LOC weights and its order of convergence
The nonlinear weights defined in [5] are
where ǫ is a small positive number which is set to be ǫ = 10 −5 to avoid division by zero, p = 2 is chosen to increase the difference of scales of distinct weights at non-smooth parts of the solution. Note that α k are the unnormalized weights and ω k are the normalized weights. The smoothness of the flux is measured by the derivatives of the reconstructed fluxf k i+ 1 2 on each stencil S k , k = 0, 1, 2, based on the undivided differences as
So, we have 20) and its explicit form for k = 0, 1, 2 are
(2.21)
The Taylor's expansion of the smoothness indicator (2.21) of the candidate stencils at x = x i are expressed as
,
and
Note that in the above procedure a small parameter ǫ is omitted since it is only used to avoid the denominator to be zero. From (2.23), it is concluded that the nonlinear weights approaches to the linear weights with first order of accuracy. So, the numerical scheme with WENO-LOC weights provides the overall fourth order of accuracy in smooth regions and further the order of accuracy degrades to third-order in presence of first-order critical points(which can observed by doing similar analysis on the unnormalized and normalized weights).
WENO-JS weights and its order of convergence
As observed in above, the smoothness indicators of WENO-LOC scheme does not achieve the optimal order of convergence in the smooth regions, the authors Jiang and Shu in [6] constructed a new smoothness measurements β k in (2.18) based on the concept of reducing the total variation of the numerical solution on each stencil as,
which is a scaled square sum of all the derivatives of interpolation polynomialf k (x) over the interval
. The explicit form of these smoothness indicators are as follows
By Taylor's expansion of these smoothness indicators, one can obtain
Now, let us see the order of convergence of the nonlinear weights of WENO-JS5 scheme. Substituting (2.26) into (2.18) with p = 2 and ǫ = 0, we get
From (2.27), we conclude that the WENO-JS5 nonlinear weights converges to the ideal weights with the secondorder of accuracy. So, the numerical scheme with WENO-JS5 weights provides the overall fifth order of accuracy in smooth regions. Note that the advantage with the WENO-JS5 weights over the WENO-LOC weights is that it improves the one order of accuracy in smooth regions. Further the order of accuracy of WENO-JS5 scheme degrades to third-order in presence of first-order critical points and to second-order if the second derivatives vanishes.
Construction of a new nonlinear weights
A novel global smoothness measurement is constructed based on the linear combination of undivided differences of second-order derivatives which leads to provide a sixth-order of accuracy on the global stencil S 5 as
and the Taylor's expansion of ζ gives
Note that in the construction of WENO-LOC weights, the usage of the first-order derivatives in the smoothness indicators are not able to produce the required order of accuracy i.e., third-order, because of this reason, we avoid the first-order derivatives information in the construction of global smoothness measurement of the global stencil. Now, we define the nonlinear weights ω k as
and the unnormalized weights as
such that the nonlinear weights ω k converge to the ideal weights with the higher order of accuracy where we use (2.21) the smoothness indicators β k . The parameter ǫ is taken as a small number to avoid the division by zero and chosen this value as 10 −16 . Now, we check the convergence order of nonlinear weights in smooth regions i.e., f ′ i = 0. Substituting (2.22) into (3.2), we have
and now from (3.1)
From (3.4) , the proposed nonlinear weights converges to the ideal weights with the fifth-order of accuracy (2.17 ). Now, we analyze the nonlinear weights (3.1) with (3.2) in presence of first-order critical points. From (2.22), (3.1) and (3. 2) with f ′ i = 0, we have,
So, at the first-order critical points, the sufficient condition (2.17) is not satisfied, as it resembles the numerical scheme can not achieve the desired fifth-order accuracy. To achieve the desired order of accuracy in presence of first-order critical points, we define the unnormalized weights by introducing a parameter p as 6) and considered this p value as 2 which is an integer, so the nonlinear weights achieves the desired sufficient condition (2.17). To confirm this, we analyze the weight by substituting (2.22) into (3.1) with (3.6), we get
At the first-order critical points with p = 1, the nonlinear weights do not achieves the desired fifth-order accuracy. Note that the nonlinear weights ω k , k = 0, 1, 2 satisfies the convexity property and also achieving the optimal order in smooth regions. Now, we check the ENO-property for the proposed nonlinear weights.
ENO-property for proposed nonlinear weights
The proposed nonlinear weights are
(3.8)
If a sub-stencil T C ⊂ T which is smooth then the smoothness indicators and unnormalized weights are
and if a sub-stecnil T D ⊂ T is discontinuous then
where ǫ is not predominant factor and note that ζ = Θ(1). Now,
So,
which concludes that as the mesh is refining the weight assigned to the discontinuous stencil ω D tends to zero, so the defined nonlinear weights satisfies the ENO-property. Note that for p = 1, the weight assigned to the discontinuous stencil is larger in comparison to the weight assigned to the discontinuous stencil for p = 2 case. Now, we conduct a test which contains the smooth regions and critical points to check the same numerically. First, we check the convergence order in smooth regions and later we check for the critical point case.
Accuracy test
Case 1: Consider the linear advection equation,
with a smooth initial data u 0 (x) = sin(πx).
(3.10)
We employed periodic boundary conditions and evaluated up to time t = 2 to verify the order of convergence. The L 1 and L ∞ -errors along with their numerical order of convergence is calculated with the WENO-LOC, WENO-JS5 and the proposed scheme (hereafter we call it as WENO-UD5 scheme). Note that, we use fourth-order non TVD N WENO-LOC WENO-JS5 WENO-UD5(p=1) WENO-UD5(p=2) Table 1 : L 1 and L ∞ -error and orders with initial condition (3.10).
Runge-Kutta method by the time step ∆t ≈ ∆x 5/4 which is effectively fifth-order. The value of p is considered as 2 for WENO-LOC and WENO-JS5 schemes whereas for the WENO-UD5 scheme, we use p = 1 and p = 2 to verify the order of convergence. From the numerical errors and its order of convergence from table (1), it concludes that the WENO-LOC scheme converges to fourth-order of accuracy. Note that, the WENO-LOC scheme commits the lesser error on fine mesh which results a super-convergence phenomena. As per the case of WENO-JS5 scheme, it converges to fifth-order accuracy and when it comes to WENO-UD5 schemes it achieves the fifth-order of accuracy. The advantage of WENO-UD5 scheme over the WENO-JS5 scheme is that the WENO-UD5 scheme produce very lesser errors especially on the coarser mesh. Case 2: In this case, we use the initial condition u 0 (x) = sin πx − sin(πx) π , (3.11) for the equation (3.9) which contains first-order critical point i.e., u x = 0 in [-1,1] but u xxx = 0. This test case has its own importance in the literature since it has been shown that WENO-JS5 scheme do not achieve the desired order of convergence rate at critical point case and as a result it attracted to many of researchers of this field. We calculated the numerical errors and its order of convergence for the WENO-LOC, WENO-JS5 schemes with the parameter p = 2, for the WENO-UD5 scheme with p = 1, 2 and are tabulated in (2) . It is shown that the increase in the parameter value p, the theoretical order of convergence achieves for the WENO-UD5 scheme and as a result the numerical scheme gets desired fifth-order of convergence.
Note that from the table (2) at first-order critical points, the proposed WENO-UD5 scheme achieves the desired fifth-order of convergence for the parameter value p = 1 too. As an immediate consequence that it is giving an intuition about the nonlinear weights such that these are not necessarily have to satisfy the sufficient condition. But whether it really reflects in achieving the required ENO order with the designed weights for the parameter p = 1.
To know this, now we analyze the ENO property in the numerics for the WENO-LOC, WENO-JS5, WENO-UD5 schemes. That is, does WENO-UD5 reconstruction satisfies the ENO order in presence of discontinuities? or does the numerical scheme with the designed nonlinear weights achieves atleast the ENO-order of accuracy as WENO-LOC or WENO-JS5 scheme in presence of discontinuities? N WENO-LOC WENO-JS5 WENO-UD5(p=1) WENO-UD5(p=2) Table 2 : L 1 and L ∞ -error and orders with initial condition (3.11).
Reconstruction in the discontinuous case
To analyze the nonlinear weights in presence of discontinuities, let us define
then for WENO-LOC and WENO-JS5 schemes, we have
Thus, the order of accuracy of WENO-LOC and WENO-JS5 scheme is worse than the corresponding ENO scheme which is of the order 3. Now, we show the ENO-order for proposed WENO-UD5 scheme. For this, we have
Therefore, the numerical scheme with the proposed weights have the similar behavior as WENO-LOC and WENO-JS5 schemes near the discontinuities with p = 1 but for p = 2, the proposed nonlinear weights achieves the desired ENO-order of accuracy i.e., atleast 3 near the discontinuities. For more understanding of this phenomena, we analyze how the WENO reconstruction behaves in presence of discontinuities by conducting an example as follows: consider a discontinuous function
and a uniform grid on [−1, 1] with N = {25, 50, 100, 200, 400, 800, 1600}, note that f ′ (0) = 0. We compute the errors of the approximations by the WENO-LOC, WENO-JS5 and WENO-UD5 reconstructions at the points x i±1 where x i−1 is at the left part of the discontinuity and x i+1 is at the right part of the discontinuity, 0.5 ∈ [x i , x i+1 ). In this experiment, we use ǫ = 10 −6 for WENO-LOC scheme, ǫ = 10 −6 for WENO-JS5 scheme and ǫ = 10 −16 for the WENO-UD5 schemes with the parameter p = 1, 2. The results are displayed in tables 3, 4, 5 and 6 respectively. We also display the deduced orders o i±1 (∆x) = log 2 (e i±1 (∆x/2)/e i±1 (∆x)) to reveal the order of the WENO-LOC, WENO-JS5 and WENO-UD5 reconstructions.
N ∆x From the tables 3, 4, 5 and 6, it concludes that WENO-LOC and WENO-JS5 schemes achieves second-order accuracy whereas for WENO-UD5(p=1) scheme degrades to first-order and WENO-UD5(p=2) scheme gains the second-order of accuracy as WENO-LOC and WENO-JS5 schemes at the left and right point of the discontinuities.
Consistency analysis:Optimal values of the parameters involved in nonlinear weights
From the previous sections, the WENO-LOC, WENO-JS5 and WENO-UD5 schemes satisfies the ENO property if the parameter ǫ is not a predominant factor i.e., the order of the ǫ should be as small as possible. to dominate the smoothness indicators, what happens to the corresponding numerical scheme? And if it is the case what is the optimal order of this parameter in presence of arbitrary critical points. To know this, we have constructed a following theorem and the proof of this theorem follows as similar in article [18] .
where
Then with the parameters m ≤ 6 − 3 p and p = 2, we have 1. At the regions where f is smooth:
for a locally Lipschitz function g.
2. If f is not smooth in the stencil T but it is smooth in at least one of the sub-stencils S k , k = 0, 1, 2, then
For numerical validation, we perform a numerical test with initial profile u 0 (x) = sin 3 (πx) , for the equation (3.9) . The initial condition contains first and second-order critical points i.e., u x = 0, u xx = 0, in [-1,1] but u xxx = 0. We display the L 1 − errors and its order of convergence for the WENO-LOC with ǫ = {10 −6 , ∆x, ∆x 2 , ∆x 3 }, WENO-JS5 with ǫ = {10 −6 , ∆x 2 } and WENO-UD5 with ǫ = {10 −6 , 10 −16 , ∆x, ∆x 2 , ∆x 3 , ∆x 5 }. The parameter p = 2 is considered in the numerical evaluation for all these schemes. The tables 7, 8 Table 8 : WENO-JS5 scheme and 9 reveals that the WENO-LOC, WENO-JS5 schemes achieves its optimal order of accuracy in presence of critical points for the ǫ = ∆x 2 whereas the optimal order of accuracy for the WENO-UD5 scheme achieves for the values of ǫ = ∆x, ∆x 2 , ∆x 3 . Among these, ǫ = ∆x 2 achieves globally fifth-order of accuracy with smaller errors as compared to the value of ǫ = ∆x 3 and ǫ = ∆x. So, the conclusion for achieving the optimal order for the parameters ǫ and p in presence of arbitrary number of vanishing derivatives are ǫ = ∆x 2 and p = 2. 
Numerical Results
In this section, we have considered some benchmark problems to demonstrate the results obtained by the proposed scheme WENO-UD5. For the numerical comparison purpose, we compare the results with the WENO-LOC and WENO-JS5 schemes. We first show the behavior of nonlinear weights by performing on a test case i.e, we analyze how the nonlinear weights converges to the linear weights and subsequently we test the proposed scheme for the one-dimensional and two-dimensional system of Euler equations with the CFL number 0.5.
Behaviour of nonlinear weights
To understand the behavior of nonlinear weights, we considered the initial condition
(4.1)
The distribution of non-linear weights ω k and the linear weights d k are shown in Fig.1 for the WENO-LOC, WENO-JS5 and WENO-UD5 reconstructions. From this, it is observed that WENO-UD5 assigns larger weights for the discontinuous stencils as compared to WENO-LOC, WENO-JS5 schemes and assigns smaller weights in smooth regions, thus the nonlinear weights are close enough to the ideal weights.
Linear advection test
Consider the linear advection equation (3.9) with the initial condition 
One-dimensional Euler equations
The numerical simulations are performed on the one-dimensional Euler equations which are given by
where ρ, u, E, p are the density, velocity, total energy and pressure respectively. The system (4.3) represents the conservation of mass, momentum and energy. The total energy for an ideal polytropic gas is defined as Remark: For the systems of conservation laws, such as one dimensional Euler equations, the reconstruction procedures are implemented in the local characteristic directions for the purpose of avoiding spurious oscillations. For the two dimensional problems, all of these reconstruction procedures are carried out in a dimension by dimension fashion. 
Sod's shock tube problem
We consider the one dimensional Euler system (4.3) with Riemann data [30] (ρ, u, p) = (1, 0, 1), −5 ≤ x < 0, (0.125, 0, 0.1), 0 ≤ x ≤ 5, in the computational domain −5 ≤ x ≤ 5. The problem is initialized on the computational domain of 200 points and is run up to time t = 1.3, by this time a right-going shock wave, a right traveling contact-wave and a left-sonic rarefaction wave establishes. The transmissive boundary conditions are taken for numerical evaluation. The numerical results of density profiles are displayed in the Fig.3 . It is observed that the discontinuity is sharpened by WENO-UD5 schemes over WENO-LOC and WENO-JS5 schemes due to the efficient confinement of WENO dissipation right around the discontinuity.
Lax's shock tube problem
The initial condition on the spatial domain x ∈ [−5, 5] with k = 5. The solution of this problem [2] consists of a number of shocklets and fine scales structure, which are located behind a right going main shock. Fig.5 depicts the numerical results of WENO-LOC, WENO-JS5 and WENO-UD5 schemes for N = 200 cells at time t = 1.8 against the reference solution, computed by WENO-JS5 scheme with N = 2000 points. We observed that WENO-UD5 capture more features of the solution than the WENO-LOC and WENO-JS5 particularly, at the high-frequency waves behind the shock at deeper valleys and higher pikes in the numerical solution. Fig.7, 8 and 9 respectively. It can be clearly seen in Fig.10 that WENO-UD5 resolves the instabilities better around the Mach stem of the problem.
Conclusions
In this paper, we have constructed a new type of nonlinear weights for the fifth-order weighted essentially nonoscillatory scheme. These nonlinear weights have been developed by construction of a new global smoothness indicator using the linear combination of second-order derivative information of local stencils which resulted a sixth-order value on five point stencil. These nonlinear weights satisfies convexity, ENO property and achieves the optimal order of accuracy. The resulted numerical scheme achieved the desired fifth-order accuracy in the smooth regions and in presence of critical points. Further, we have analyzed the consistency analysis on the weight parameters and verified the ENO property theoretically as well as numerically. Numerical results resembled in scalar, system of one-and two-dimensional Euler equations for typical shock tube problems and double-Mach reflection of strong shock test cases. 
